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We review the recent progress in the Big-Bang nucleosynthesis which includes the stan-
dard and non-standard theory of cosmology, effects of neutrino degeneracy, and in-
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1. Introduction
Big-Bang nucleosynthesis (BBN) is one of the best astrophysical sites to understand
the origin of the light elements,1 because it produces the primordial abundances
of 4He, D and 7Li.3, 4 The simplest and most trustful theory is called the standard
Big-Bang nucleosynthesis (SBBN), where we assume the cosmological principle that
the universe is homogeneous and isotropic in a large scale.2 Unfortunately, current
situation of SBBN is incompatible with the observed abundance of 7Li, although
it has been pointed out that observational determinations of the 7Li abundance
contain uncertainties associated with an adopted atmospheric model of metal-poor
stars5 or some unknown physical processes.6
On the other hand, heavy element nucleosynthesis beyond the mass number
1
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A = 8 has been investigated in a framework of inhomogeneous BBN (IBBN) .8–13
The baryon inhomogeneity could be originated from baryogenesis12 or some phase
transitions13, 14 which occur as the universe cools down during the expansion. It
should be noted that IBBN motivated by QCD phase transition encounters dif-
ficulty, because the transition has been proved to be crossed over by the Lattice
QCD simulations,16 which means that the phase transition occurs smoothly be-
tween the quark-gluon plasma and hadron phase under the finite temperature and
zero chemical potential. Although a large scale inhomogeneity of baryon distribu-
tion should be ruled out by cosmic microwave background (CMB) observations,17, 18
small scale inhomogeneities are still allowed within the present accuracy of obser-
vations. Therefore, it is possible for IBBN to occur in some degree during the early
era.
Considering recent progress in observations for peculiar abundance distribu-
tions, it is worthwhile to re-investigate IBBN21, 76, 77 It has been found that23 syn-
thesis of heavy elements for both p- and r-processes is possible if η > 10−4 and that
the high η regions are compatible with the observations of the light elements, 4He
and D. However, the analysis is only limited to a parameter of a specific baryon
number concentration, and a wider possible parameter region should be considered.
Therefore we adopt a two-zone model and derive constraints comparing the BBN
result with available observations.
In the meanwhile, whole validity of general relativity has not been proved. For
example, some kinds of scalar fields may exist in the present epoch. Therefore,
we need to examine whether a possibility for a non-standard theory of gravitation
survives from the viewpoint of BBN. Simple version of a scalar field theory is the
Brans-Dicke theory which include a scalar field. This theory leads to a variation of
the gravitational constant and induces an acceleration of the universe. Therefore, we
show compatibility between the observations of light elements and the Brans-Dicke
theory with a Λ term.
In section 2, we give the framework of SBBN and present a detailed comparison
among observations and Big-Bang nucleosynthesis in section 3. As an approach
to explain a wide range of observational He abundances, we give the effects of
neutrino degeneracy on the production of He in section 4. Section 5 is devoted
to nucleosynthesis with use of a simple approach for the inhomogeneous BBN.
Finally, we give non-standard BBN based on the Brans-Dicke theory in section 6
which remains a room beyond the general relativity. Section 7 summaries possible
variations of BBN.
2. Thermal evolution of the universe
In this section, we summarize the evolution of the standard cosmological model, i.e.
Friedmann model based on the cosmological principle or the Friedmann-Robertson-
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Walker metrica,
ds2 = gµνdx
µdxν = −dt2 + a2(t)
(
dr2
1− kr2 + r
2dθ2 + r2 sin2 θdφ2
)
,
where a(t), t, and k are the cosmic scale factor, the cosmic time, and the spatial
curvature, respectively. The Friedmann model has been constructed with use of the
Einstein equation,
Rµν −
1
2
gµνR = 8piGTµν .
Here Rµν , R,G and Tµν are the Ricci tensor, the scalar curvature, the gravitational
constant, and the energy-momentum tensor of the perfect fluid written as Tµν =
pgµν + (p+ ρ)uµuν , where p is the pressure, ρ is the energy density, and uµ is the
four velocity.
In practice, we can follow the evolution of temperature T and energy density ρ
by solving the Friedmann equation
H2 ≡
(
a˙
a
)2
=
8piG
3
ρ− k
a2
, (1)
where H is called as the Hubble parameter. The total energy density ρ is written
as
ρ = ργ + ρν + ρe± + ρb + ρDM + ρΛ,
where the subscripts γ, ν, e±, b, DM and Λ indicate photons, neutrinos, electrons
and positrons, baryons, dark matter, and the vacuum energy, respectively.
The energy conservation law, T µν ;µ = 0, reduces to
d
dt
(ρa3) + p
d
dt
(a3) = 0. (2)
The equation of state is described as
p/ρ =


1/3 for photons and neutrinos,
0 for baryons and dark matter,
−1 for vacuum energy.
Therefore, we obtain the evolution of the energy density as ρb and ρDM ∝ a−3, and
ργ,ν ∝ a−4. The temperature varies as Tγ ∝ a−1 except for the era of the significant
entropy transfer from e± to photons at T ≃ 5× 109 K.
Usually, the present values of the energy densities are expressed as the density
parameter Ωi = ρi,0/ρcr for i = γ, ν, b, DM, and Λ with the critical density ρcr =
3H20/8piG. Here the subscript 0 means the value at the present time.
For the baryon density, we also use the baryon-to-photon ratio η,
η ≡ nb
nγ
= 2.74× 10−8Ωbh2, (3)
aWe adopt the system in units of c = 1.
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where h is the dimensionless Hubble constant: h = H0/100 [km/s/Mpc]. The value
of η is kept constant after the electron-positron pair annihilation, because the num-
ber densities of photons nγ and baryon nb vary as nγ and nb ∝ a−3. From the
results of observation of CMB by the Planck satellite, 0.02180 < Ωbh
2 < 0.02272
at 95% confidence levels (C.L.),50 we obtain the range
5.96 < η10 < 6.22 (4)
where η10 = η/10
−10.
3. Standard Big-Bang nucleosynthesis
3.1. Physical process of the Big-Bang nucleosynthesis
In this section, we describe the standard model of BBN. At the stage T > 1010 K,
photons, neutrinos, and electron (plus positron) are dominant. The energy density
is written as follows:
ρ =
pi2k4B
30~3
(
2 +
7
2
+
7
4
Nν
)
T 4,
where kB, ~, and Nν are the Boltzmann constant, the Planck constant reduced
by 2pi, and the effective number of neutrinos (we fixed the value Nν = 3). The
first, second, and third terms are contributions of photons, electrons and positrons,
and neutrinos, respectively. From Eq.(1), the expansion rate of the Universe is
H ∼ G1/2T 2. At that time, neutrons and protons are coupled through the weak
interaction as follows:
n+ e+ ←→ p+ ν¯e,
n+ νe ←→ p+ e−, (5)
n ←→ p+ e− + ν¯e
The rate of the weak interaction Γwk can be written as Γwk ∼ GFT 5. Here GF is
the Fermi coupling constant. The number ratio of the neutrons to protons is written
as
nn
np
= exp (−∆m/kBT ), (6)
where ∆m is the mass difference between the neutron and proton: ∆m = mn−mp =
1.29 MeV.
When Γwk ≃ H at kBT ≃ 1 MeV, the ratio (6) is frozen (except for neutron’s
β-decay) and the ratio of the neutrons and protons is fixed to be 1/7. The ratio
in this epoch is very important. As shown later, the most abundant nuclide except
for 1H in the BBN epoch is 4He. The abundance of 4He is defined by the ratio as
follows:
Yp =
ρ4He
ρb
∼ 2nn
np + nn
∼ 0.25
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Fig. 1. Nuclear reaction network in Big-bang nucleosynthesis.
where Yp is the mass fraction of
4He.
When the temperature reaches to 0.1 MeV, the synthesis of light elements starts
by the neutron capture reaction of protons: n + p −→ D +γ. Figure 1 illustrates
the 12 important reactions of BBN.
Figure 2 shows the numerical result of BBN with η10 = 6.19 and the neutron
life time τn = 880.1 sec.
51 In the BBN era, the heavy element such as CNO cannot
be synthesized, because there are no stable element of the mass number A = 5
and A = 8. In Fig. 3 we show the produced final values of Yp, D/H and
7Li/H as
a function of η. The line widths for individual elements correspond to the errors
attached to the nuclear reaction rates of NACRE II53 . Although a new decay rate
of free neutrons τn = 880.1± 1.1 sec yields51 Yp ≃ 0.245, we adopt the conservative
rate considering the uncertainty of the half life.30 When the baryon density is high,
more D can be synthesized from neutrons and protons. However, reactions which
yield helium also begin. As a result, 4He increases while D decreases as shown in
Fig. 3. We note that the 7Li abundance decreases with increasing η for η10 < 3.0.
For η10 > 3.0, the tendency becomes opposite. For high baryon density,
7Be can be
synthesized through 4He capture reaction on 3He, and consequently, it is converted
to 7Li through the electron capture reaction after recombination of 7Be.
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Fig. 2. Evolution of mass fractions of 1H (Xp) and 4He (Yp) and number abundances of other
nuclides in SBBN.
3.2. Nuclear reaction rates
To obtain primordial abundances of the light elements numerically shown in Fig.2,
it is necessary to solve differential equation of two body reaction for a number
fraction yk as follows:
dyk
dt
=
∑
i,j,l
yiyj [ijkl]−
∑
i,j,l
ykyl[klij],
where [ijkl] means the rates of a thermonuclear reaction: i+ j → k+ l. Usually the
rate is a function of the baryon density and temperature. The other main channel
responsible for BBN is the transformation between n and p. We note that three
body reactions can be negligible in SBBN.
For BBN study in these 10 years, the reaction rates given by Descouvemont et
al.52 (DAA) and NACRE II.53 have been used. The DAA rates are obtained by
adopting the R-matrix theory so as to fit with the low energy data. The NACRE
II rates are the updated version of the NACRE compilation54 which include the
thermonuclear reaction rates obtained experimentally for nuclei with A ≤ 16. We
compare the BBN results between DAA and NACRE II.
Figure 4 shows the results of BBN calculated by using the reaction rates of DAA
and NACRE II. The abundances of 4He and D are almost the same. However, 7Li
by NACRE II is 0.5 % higher than that by DAA. This is because, as shown in Fig.5,
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Fig. 3. Abundance of light elements produced in SBBN as a function of η. The vertical region
Ω
b
h2 = 0.02222 ± 0.00023 indicates the constraint from Planck.50
the rate of the reaction 3He(α, γ)7Be of NACRE II is higher than that of DAA at
the temperature range of BBN.
3.3. Constraints from observations of 4He, D, and 7Li
The observation of 4He is important to constrain physics of the early universe,
because the theoretical value of 4He is sensitive to cosmological models, such as the
gravitational model beyond general relativity and effective neutrino number.
Helium-4 is the most abundant element nuclide except for 1H produced in BBN.
It is also yielded through hydrogen burning inside stars. Since the abundance of 4He
grows after BBN era, its observed value is an upper limit to the primordial abun-
dance. Thence, it is not easily to determine primordial Yp. However, it is deduced
that primordial 4He remains in a low-metallicity region, because star formation does
not occur there. Then 4He is determined from the recombination lines of proton
and helium in extragalactic HII regions.
Recently, observational abundance of 4He has a conflict between two groups.
Izotov et al. report
Yp = 0.254± 0.003 (7)
using linear relation Y −O/H for 111 highest-excitation HII regions.44 And adding
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Fig. 4. Produced abundances of light elements. The solid curves are calculated from the rates of
NACRE II and the dashed ones are of DAA.
the HeI λ 10830 A˚ emission line, they derived45
Yp = 0.2551± 0.0022. (8)
On the other hand, using A Markov Chain Monte Carlo analysis for 93 HII regions,
Aver et al.43 reported
Yp = 0.2465± 0.0097. (9)
Also they reported46
Yp = 0.2449± 0.0040. (10)
by evaluating the effects of adding He I λ10830 infrared emission line in helium
abundance determination.
Helium-3 is made from deuteron by D(p,γ) 3He in the star. Therefore, observa-
tions of D give a upper limit of primeval values. Since the abundance of D strongly
depends on the baryon density, D is called as “baryometer”. The abundance of D is
measured in QSO absorption line system at high-redshift. Recently, the primordial
D abundance is determined with a high-accuracy. Pettini & Cooke reported48
D/H = (2.535± 0.05)× 10−5. (11)
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Fig. 5. Rates of 3He (α, γ)7Be from NACRE II relative to DAA (adopted value). The horizontal
axis means the temperature normalized by 109 K. The shaded area indicates the uncertainty of
the reaction rate by DAA. The red curves correspond to the high (upper curve) adopted (middle
curve) and low (lower curve) values of reaction rates in NACRE II, respectively.
from the metal-poor damped Lyman α (DLA) system at z = 3.05. And Cooke et
al. reported47
D/H = (2.53± 0.04)× 10−5. (12)
from the very metal-poor DLA toward SDSS J1358+6522.
The primeval abundance of 7Li can be estimated from observations of Popu-
lation II stars in our galaxy. In the old galaxy, the relation between [Li/H] and
[Fe/H] becomes constant at a low metallicity star (it is called “Spite-Plateau”). The
observed abundance of 7Li in Population II stars is given by Sbordone et al. :49
7Li/H = (1.58± 0.31)× 10−10. (13)
To find reasonable values of η10 which satisfy the consistency between BBN and
observed values, we calculate χ2 as follows:
χ2i (η) =
(
Y thi (η)− Y obsi
)2
σ2th,i + σ
2
obs,i
, (14)
where Yi and σi are the abundances and their uncertainties for elements i (i =
Yp,D,
7Li), respectively. The value σth,i is obtained from the Monte-Carlo calcu-
lations using 1σ errors associated with nuclear reaction rates. The observational
values, Y obsi and their errors σobs,i, are taken from (8), (10), (12), and (13).
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Finally, we obtain the range of η10 with 1σ C.L. from individual observations:
3.28 ≤ η10 ≤ 7.27 from Aver et al.46,
10.1 ≤ η10 ≤ 18.2 from Izotov et al.45,
6.08 ≤ η10 ≤ 6.38 from Cooke et al.47,
3.28 ≤ η10 ≤ 4.40 from Sbordone et al.49
As against the excellent agreement for D and 4He, the discrepancy for 7Li is unallow-
able. This is called ”7Li problem”. Since the baryon density is determined precisely
from CMB observation by WMAP and/or Planck, this problem is conspicuous more
than ever.
To solve this problem, many possibilities have been considered, such as unstable
massive particles,74, 75 nuclear reaction rates coupled with other reaction paths,70, 71
and a scalar-tensor theory of gravity.72, 73 It is noted that the observations of 7Li
involve uncertain atmospheric models concerning the low metallicity stars41 .
4. Neutrino degeneracy
Within the framework of general relativity, BBN can be, for example, extended
to include neutrino degeneracy (e.g. Ref.42). Degeneracy of electron-neutrinos is
described in terms of a parameter
ξe = µν,e/kBTν , (15)
where µν,e is the chemical potential of electron neutrinos and Tν is the temperature
of neutrinos. To get abundance variations of both neutrons and protons caused
by nonzero ξe values, we take a usual method to incorporate the degeneracy into
the Fermi-Dirac distribution of neutrinos.42 In this study, we do not consider the
degeneracy of τ - and µ-neutrinos.
In BBN calculations, we implemented the neutrino degeneracy as follows. Before
the temperature drops to the difference ∆m/kB in the rest mass energies between a
neutron and a proton, they are in thermal equilibrium through the weak interaction
processes (5). Below kBT = 4MeV, we solve the rate equations for n and p until kBT
drops to 1 MeV including the individual weak interaction rates. After that, we begin
to operate the nuclear reaction network with the weak interaction rates between n
and p included. We should note that in the present parameter range shown below,
effects of neutrino degeneracy on the expansion and/or cooling of the universe can
be almost neglected, because the absolute values of neutrino degeneracy are rather
small, and affect the energy density by at most 10−3 %. (see Fig.7).
The produced amounts of D and 7Li are almost the same as those in the SBBN
model, respectively, while 4He becomes less abundant if ξe > 0, since β-equilibrium
leads to lower neutron production. This is because the abundance ratio of neutrons
to protons (n/p) is proportional to exp[−ξe]. This can be seen in Fig.6; while the
abundance of 4He is very sensitive to ξe, it is insensitive to η. On the other hand,
October 24, 2017 0:25 WSPC/INSTRUCTION FILE bbn
Big-Bang nucleosynthyesis 11
0.2
0.22
0.24
0.26
0.28
Y
p
0.015 0.020.010.005 0.0250.03
Ωbh
2
ξ
e
=-0.1
ξ
e
=0.0
ξ
e
=0.1
1 10
η10
10-5
10-4
D
/H
Planck
Izotov et al.(2013)
Cooke et al.(2014)
Fig. 6. Effects of neutrino degeneracy on the production of 4He and D/H. The degeneracy pa-
rameters is taken to be ξe = −0.1, 0, and 0.1 from the top to bottom curve. The vertical band
comes from the baryon density determined by P lanck. The horizontal bands correspond to the
observational abundances of 4He and D/H with 2σ uncertainty.55
although the abundance of D is almost uniquely determined from η, i.e., the nucleon
density, it depends weakly on ξe.
To find reasonable values of ξe and η10 which satisfy the consistency between
BBN and observed 4He and D, we calculate χ2 as follows:
χ2(η, ξe) =
∑
i
(
Y thi (η, ξe)− Y obsi
)2
σ2th,i + σ
2
obs,i
, (16)
where Yi and σi are the abundances and their uncertainties for elements i (i =
Yp,D), respectively. The value σth,i is obtained from the Monte-Carlo calculations
using 1σ errors associated with nuclear reaction rates. The observational values,
Y obsi and their errors σobs,i, are taken from (9) and (11).
Figure 7 shows the contours enclosing 1σ, 2σ, and 3σ C.L. in the η10− ξe plane
obtained from (16). In consequence, we get the following constraints for both η10
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Fig. 7. Contours having 1σ, 2σ, and 3σ confidence levels from Yp and D/H observations in the
η10 − ξe plane. The horizontal line corresponds to SBBN (ξe = 0). The vertical band shows the
baryon density from P lanck.55
and ξe:
55
6.17 < η10 < 6.38 − 3.4× 10−2 < ξe < −1.8× 10−2 (1σ C.L.), (17)
6.02 < η10 < 6.54 − 4.6× 10−2 < ξe < −0.4× 10−2 (2σ C.L.). (18)
It is noted that, except for neutron decay, two-body reactions are dominant during
BBN. Only two reaction of the β-decay of 3H with τ
1/2 = 12.32 y and e-capture
of 7Be with τ
1/2 = 53.24 d
78 are important weak reactions of light nuclides. These
half lives are modified by a small factor through neutrino degeneracy. However, the
final abundance is not affected at all.
5. Inhomogeneous Big-Bang nucleosynthesis
5.1. Recent study of inhomogeneous BBN
The study of SBBN has been done under the assumption of the homogeneous uni-
verse. On the other hand, BBN with the inhomogeneous baryon distribution also
has been investigated. The model is called an inhomogeneous BBN (IBBN). IBBN
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Fig. 8. Abundance distribution at T = 3× 109 K with η = 10−4. From Matsuura et al.24
results from the inhomogeneity of baryon concentrations that could be induced
by baryogenesis12 or phase transitions such as QCD or electro-weak phase transi-
tion7–11, 14, 15 during the expansion of the universe.
A new astrophysical site of BBN is presented24 that contains very high η. Fig-
ures 8 and 9 show nuclear abundance distributions in a high density region with
η = 10−4 on the nuclear chart covering heavy elements. As shown in Fig. 8, sta-
ble nuclei are first synthesized. When the temperature goes down, proton- and
neutron-capture reactions are active for the nuclei with A < 100 and with A > 120,
respectively (Fig. 9). Namely, it suggests that both the r-process and the p-process
can occur at the BBN era. On the other hand, for η = 10−3, a proton capture
is only active.24 The problem to be solved is the origin and evolution of the high
density region. The size of the high density island is estimated24 to be 105 − 1017
cm at the BBN epoch. The upper bound is obtained from the maximum angular
resolution of CMB and the lower bound is from the analysis9 of comoving diffusion
length of neutrons and protons.
Some models of baryogenesis suggest that very high baryon density regions in
the early universe. Recent observations, however, suggest that heavy elements could
already exist in high red-shift epochs and therefore the origin of these elements
becomes a serious problem. Motivated by these facts, we investigate BBN in very
high baryon density regions. The BBN proceeds in proton rich environment, in
which a rapid p-process is operative.
However, by taking heavy nuclei into account, we find that BBN proceeds
through both p- and r-processes simultaneously. Furthermore, p-nuclei such as
92Mo, 94Mo, 96Ru and 98Ru, whose origin is not well known, are also synthesized.
The above issues should be refined and checked by investigating the possible model
consistent with available observations.
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Fig. 9. Abundance distribution at T = 109 K with η = 10−4.24
5.2. Two-zone model of IBBN
Quite interesting features24 have been presented for the possibility of IBBN, but
relevant parameters concerning the high and low density regions have not yet been
specified. Therefore, we explore the reasonable parameters using a simple two-zone
model.10 The early universe is assumed to contain high and low baryon density
regions. For simplicity we ignore the diffusion effects.
We assume that all the produced elements are mixed homogeneously at some
epoch between the end of BBN and the recombination era. To construct a two-zone
model, we need to define nave, nhigh and nlow as the average-, high-, and low-
number densities of baryons, fv as the volume fraction of the high baryon density
region, and Xavei , X
high
i and X
low
i as the mass fractions of element i in the average-,
high- and low-density regions, respectively. Then the basic relations between these
variables are written as
nave = fvnhigh + (1− fv)nlow, (19)
naveX
ave
i = fvnhighX
high
i + (1− fv)nlowX lowi . (20)
If the baryon fluctuation is assumed to be isothermal,8, 13, 14 the following equations
are derived by dividing Eqs. (19) and (20) by the the number density of photons
nγ :
ηave = fvηhigh + (1− fv)ηlow , (21)
ηaveX
ave
i = fvX
high
i ηhigh + (1− fv)X lowi ηlow. (22)
Here three kinds of η’s are
ηave =
nave
nγ
, ηhigh =
nhigh
nγ
, ηlow =
nlow
nγ
,
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Fig. 10. Evolution of light elements in IBBN with fv = 10−6 and R = 106. The left panel
corresponds to the high density region ηhigh = 3.05 × 10
−4. The right panel corresponds to the
low density region ηlow = 3.05× 10
−10.
where ηave is set to be the observed value by CMB
17, 18, 50 : η = 6.1× 10−10. Both
ηhigh and ηlow are determined from fv and the density ratio R = nhigh/nlow =
ηhigh/ηlow.
We note that ρb is the average baryon density obtained from Eq. (19), and
temperature T is set to be homogeneous. This assumption is critically important
to build our model; otherwise we must treat the zones to evolve separately, which
involves fundamental problem as opposed to the cosmological principle.
5.3. Constraints from light element abundances
We show in Fig. 10 an example of light element synthesis in the high and low density
regions with fv = 10
−6 and R = 106 that correspond to ηhigh = 3.05 × 10−4 and
ηlow = 3.05×10−10. In the right panel for ηlow the evolution of the elements is almost
the same as that of SBBN. In the left panel for ηhigh, D and
4He are synthesized at
higher temperatures. This is because the reaction p + n −→ D+ γ starts at earlier
epoch. In addition, the amount of 4He is larger than that in the low density region,
because neutrons still remain when the nucleosynthesis starts. On the other hand,
7Li (or 7Be) is much less produced. It implies that heavier nuclei, such as 12C and
16O, are synthesized in the high density region. Using these calculated abundances
in both regions, we obtain the average values of the light elements from Eq. (22).
Then we can put constraints on fv and R by comparing the values of Yp and D/H
with the observed abundances.
In Fig. 11, the constraints are shown in the fv−R plane. Contours of calculated
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Fig. 11. Constraints on the fv−R plane from the observations of 4He and D/H. The region below
the red line is acceptable region obtained from 4He observation by Izotov & Thuan40 and Aver et
al.58 Constraints from the D/H observations48, 56 are shown by the region below the blue lines.
The gray region corresponds to the allowable parameters obtained from the two observations of
4He and D/H. In the narrow region bounded by two upper blue lines, only the D/H abundance is
consistent with observations. This is the contribution of the low density region with η
low
∼ 10−12;
The D abundance tends to decrease with increasing baryon density for η > 10−12. The dotted
lines show the contours of the baryon-to-photon ratio in the high-density region. Filled squares
indicate the adopted parameters in §5.4.57
abundances (solid lines) and the ηhigh (dashed lines) are drawn. In our analysis,
we obtain only the upper limit to the parameter R. Note that the allowed region
includes density values as high as ηhigh = 10
−3.
Since ηhigh takes a larger value, nuclei heavier than
7Li are synthesized more
and more. Then we estimate the abundance of CNO elements in the allowed region.
Figure 12 shows the contours of the summation of Xavei over heavier nuclei (A > 7).
As far as our small BBN code is concerned,19 the total mass fraction of CNO nuclei
amounts to X(A > 7) ≃ 10−5.
5.4. Synthesis of heavy elements in high density region
We investigate synthesis of heavy elements in the high-density region consider-
ing the constraints shown in Fig. 11. The abundance change is calculated with a
large nuclear reaction network, which contains 4463 nuclei from neutron, proton to
Americium (Z = 95 and A = 292). The nuclear data such as reaction rates, nuclear
masses and partition functions are the same as used in Ref. 35 except for the weak
interaction rates36 which is adequate for the high temperature stage T > 1010 K.
Note that the mass fractions of 4He and D obtained with the large network are
consistent with those calculated with a small network in §5.3 within an accuracy of
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Fig. 12. Contours of the total mass fractions of heavier nuclei (A > 7). The shaded allowed region
is the same as in Fig. 9.57
a few percents.
As seen in Fig. 12, heavy elements are produced at the level X(A > 7) ≥ 10−9
in the upper region of R in the allowed region. To examine the efficiency of
the heavy element production, we select five models with parameters ηhigh =
10−3, 5.1 × 10−4, 10−4, 5.0 × 10−5 , and 10−5 which correspond to (fv, R) =(
3.24× 10−8, 1.74× 106) , (1.03× 10−8, 9.00× 105) , (5.41× 10−7, 1.84× 105) ,(
1.50× 10−6, 9.20× 104) , and (5.87× 10−6, 1.82× 104), respectively. Adopted pa-
rameters are indicated by the filled squares in Fig. 11.
Tables 5.4 and 5.4 give the abundance of light elements in the high and low
density regions. The mass fractions in the low density region are the same as those
obtained in § 5.3, because the abundance flows beyond A = 7 are negligible. We
should note that the averages of abundances Yp and D/H in the two regions coincide
with the observed abundances, respectively.
Figure 13(a) shows the result of nuclsosynthesis in the high density region of
ηhigh = 1.04 × 10−4. The nucleosynthesis paths proceed along the stability line
during a few seconds, and afterwards they are classified with the mass number.
For nuclei with A ≤ 100, proton captures become very active compared to neutron
capture at T > 2× 109 K and the path shifts to the proton rich side, which begins
from breaking out the hot CNO cycle. For nuclei of 100 < A < 120, the path
goes across the stable nuclei from proton- to neutron-rich side, since temperature
decreases and the number of seed nuclei of neutron capture increases significantly.
Neutron captures become much more efficient for heavier nuclei of A ≥ 120. The
neutron capture is not similar to the canonical r−process, since the nuclear reactions
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Table 1. Mass fractions of light elements for the two cases : η
high
≃ 10−3, ηhigh = 5× 10
−4.
fv, R 3.23× 10
−8, 1.74× 106 1.03× 10−7, 9.00× 105
(η
high
, η
low
) (1.02× 10−3, 5.86× 10−10) (5.10× 10−4, 5.67× 10−10)
elements high low average high low average
p 0.586 0.753 0.744 0.600 0.753 0.740
D 1.76× 10−21 4.50 × 10−5 4.26× 10−5 3.43 × 10−21 4.75× 10−5 4.34× 10−5
3He+T 2.91× 10−14 2.18 × 10−5 2.07× 10−5 2.77 × 10−14 2.23× 10−5 2.04× 10−5
4He 0.413 0.247 0.256 0.400 0.247 0.260
7Li+7Be 1.63× 10−13 1.78 × 10−9 1.68× 10−9 6.80 × 10−14 1.65× 10−9 1.52× 10−9
Table 2. Mass fractions of light elements for the two cases : η
high
≃ 10−4, and η
high
= 10−5.
fv, R 5.41× 10
−7, 1.84× 105 5.87× 10−6, 1.82× 104
(η
high
, η
low
) (1.04× 10−4, 5.62× 10−10) (1.02× 10−5, 5.59× 10−10)
elements high low average high low average
p 0.638 0.753 0.742 0.670 0.753 0.745
D 6.84× 10−22 4.79 × 10−5 4.36× 10−5 1.12 × 10−22 4.48× 10−5 4.37× 10−5
3He+T 1.63× 10−13 2.23 × 10−5 2.04× 10−5 1.49× 10−9 2.25× 10−5 2.03× 10−5
4He 0.362 0.247 0.258 0.330 0.247 0.254
7Li+7Be 7.42× 10−13 1.64 × 10−9 1.49× 10−9 6.73× 10−8 1.62× 10−9 7.96× 10−9
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Fig. 13. Time evolution of the mass fractions in high-density regions of (a) η
high
= 1.02 × 10−4
and (b) η
high
= 1.06× 10−3, respectively.
proceed under the condition of the high-abundance of protons. For example, 159Tb,
159Gd and 159Eu are synthesized through neutron captures. After t = 103 sec, we
can see β-decays 159Eu → 159Gd → 159Tb, where the half life of 159Eu and 159Gd
are 18.1 min and 18.479 h,78 respectively.
The results of ηhigh = 1.06 × 10−3 is shown in Fig.13 (b). The reactions also
first proceed along the stability line in the high density region. Subsequently, the
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abundances38 (indicated by large dots).62
reactions directly proceed to the proton-rich side through rapid proton captures.
We can see β-decays 108Sn → 108In → 108Cd, where the half life of 108Sn and
108In are 10.3 min and 58.0 min,78 respectively. In addition, radioactive nuclei
56Ni (τ
1/2 = 6.075 d
78) and 57Co (τ
1/2 = 271.75 d
78) are produced just after the
formation of 4He in the extremely high density region with ηhigh ≥ 10−3 like the
beginning of supernova explosions.37
Figure 14 shows the comparison between the average mass fraction produced
in IBBN calculation and the solar system abundances by Anders & Grevesse.38
There are over-produced elements around A = 150 (ηhigh = 10
−4) and A = 80
(ηhigh = 10
−3). Although it seems to conflict with the chemical evolution in the
universe, this problem could be solved by the careful choice of fv and/or R.
57
In IBBN model, the lithium-7 can be synthesized in both regions depending on
fv and R as shown in Tables 5.4 and 5.4. For ηhigh = 1.0 × 10−5, the averaged
value of 7Li/H is 1.5 × 10−9, which is higher than the predicted value in SBBN
with η10 = 6.1. On the other hand, in cases of ηhigh = 5.1× 10−4 and 1.0 × 10−4,
the average of 7Li/H is lower than the SBBN value. Although these 7Li/H values
is still higher than the results of recent observation (13) , there remains possibility
to solve the “Lithium problem” by extending our IBBN model to another kind of
model such a multi-zone model.
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6. Brans-Dicke cosmology with a variable cosmological term
6.1. Field equation
The action in the Brans Dicke theory modified with a variable cosmological term
Λ (BDΛ) which is a function of a scaler field φ, is given by Endo & Fukui59 as
S =
∫
d4x
√−g
[
(R− 2Λ)φ− ω
φ
φ,νφ
,ν + 16piLm
]
, (23)
where R, Lm and ω are the scalar curvature, the Lagrangian density of matter , and
the dimensionless constant of Brans-Dicke gravity, respectively. The field equations
for BDΛ are written as follows:60
Rµν − 1
2
gµνR+ gµνΛ =
8pi
φ
Tµν +
ω
φ2
(
φ,µφ,ν − 1
2
gµνφ,αφ
,α
)
+
1
φ
(φ,µ;ν − gµνφ) , (24)
R − 2Λ− 2φ∂Λ
∂φ
=
ω
φ2
φ,νφ
,ν − 2ω
φ
φ, (25)
where  is the d’Alembertian.
The expansion is described by the following equation derived from the (0, 0)
component of Eq. (24):
(
a˙
a
)2
=
8piρ
3φ
− k
a2
+
Λ
3
+
ω
6
(
φ˙
φ
)2
− a˙
a
φ˙
φ
. (26)
We adopt the simplest case of the coupling between the scalar and matter field
φ =
8piµ
2ω + 3
T νν , (27)
where µ is a constant. Original Brans-Dicke theory is deduced for µ = 1.
Assuming a perfect fluid for Tµν , Eq. (27) reduces to the following:
d
dt
(
φ˙a3
)
=
8piµ
2ω + 3
(ρ− 3p) a3. (28)
Then, Eq. (28) is integrated to give
φ˙ =
1
a3
[
8piµ
2ω + 3
ρm0t+B
]
, (29)
where B is an integral constant and from now on we use the normalized value of
B: B∗ = B/(10−24g s cm−3).
A particular solution of Eq. (25) is obtained from Eqs. (24) and (27):
Λ =
2pi (µ− 1)
φ
ρm0a
−3, (30)
where ρm0 is the matter density at the present epoch.
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10−8 cm3g−1s−2
The gravitational “constant” G is expressed as follows,
G =
1
2
(
3− 2ω + 1
2ω + 3
µ
)
1
φ
. (31)
The difference ofG between the BDΛ and the Friedmann model appear at 0.01 sec <
t < 1000 sec as shown in Fig. 15. It suggests that the expansion rate in the BBN
epoch is markedly different.
It is reduced to the Friedmann model when φ = constant and ω ≫ 1.
Physical parameters have been used to solve Eqs. (26), (29), and (30): G0 =
6.6726× 10−8cm3g−1s−2, and H0 = 71 km s−1 Mpc−1.
The parameter ω is an intrinsic parameter in the Brans-Dicke gravitational
model, and it determines the expansion rate of the early universe. In our study, we
set ω = 10000. Although the variations are limited to the earlier ara, still larger
value of ω can be permitted for our BDΛ model (see Fig. 15). Recent observations
by the Cassini measurements of the Shapiro time delay suggested that the lower
limit of ω is very large: ω ≥ 4× 104 (Berti et al.,63 Bertotti et al.64).
Figure 16 shows the evolution of the scale factor in BDΛ for the several values
of B∗. We identify considerable deviations in BDΛ from the Friedmann model at
t < 100 s, which depends on the specific parameters. We note that the evolution of
the scale factor depends on both the initial value of φ and a parameter µ. This is the
reason why the scale factor evolves rather differently compared to the Friedmann
model.
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Friedmann model.
6.2. Parameter constraints from Big Bang nucleosynthesis
Big-Bang nucleosyntheis provides powerful constraints on possible deviation
from the standard cosmology.65 Changes in the expansion as shown in Fig. 16
affects the abundances of light elements, because the n/p ratio is sensitive to the
expansion rate in the BBN epoch.
Figure 17 shows the calculated abundances of 4He, D, and 7Li for B∗ = 2
and µ = 0.6. The ±2σ uncertainties in nuclear reaction rates are indicated by
the dashed lines. The horizontal dotted lines indicate the observational values
of 4He, D/H, and 7Li/H as follows: Yp = 0.2516± 0.0080,66 Yp = 0.326± 0.075,18
D/H = (2.82± 0.21)× 10−5 (Pettini et al.56), 7Li/H = (2.34± 0.32)× 10−10 (Me-
lendez & Ramirez.67). Here two observational values of 4He are used. The solid
vertical lines indicates the WMAP constraint of the baryon-to-photon ratio,
η = (6.19± 0.15)× 10−10 (Komatsu et al.18).
The intersection range of the two observational values of 4He is used to con-
strain the parameters. It is found that the values of η derived from 4He and D/H
are tightly consistent with the value by WMAP, while that from 7Li/H is barely
consistent. We have a very small parameter region for 7Li/H where the bands of
the theoretical abundance, the observational abundance, and the WMAP eta over-
lap. These agreements lead us to the parameter ranges of 0.0 ≤ µ ≤ 0.6 and
−2 ≤ B∗ ≤ 2.
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Fig. 17. Light element abundances of 4He, D, and 7Li vs. η for B∗ = 2, µ = 0.6, and ω = 104.
Dashed lines indicate the ±2σ uncertainties in nuclear reaction rates in each abundance. The
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indicate the baryon-to photon ratio η.
7. Summary and discussions
We have reviewed the SBBN, BBN with the neutrino degeneracy, IBBN, and BBN
in the Brans-Dicke cosmology. First, we have compared the results of SBBN with the
current observations of light elements. Considering the uncertainties in the nuclear
reaction rates and the observed errors, we can summarize as follows:
(1) The consistency is confirmed as far as 4He and D are concerned.
(2) Large uncertainties of He observations still allow the possibility that some un-
known processes beyond SBBN affected the primordial abundance. For exam-
ple, a large value of Yp ≃ 0.3 has been reported in low metallicity stars in
globular clusters.40 This large amount of He could be ascribed to the local
neutrino degeneracy.
(3) The significant discrepancy concerning 7Li remains to be solved.
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Second, consistency between IBBN and the observations of 4He and D/H abun-
dances has been investigated under the thermal evolution of the standard model
with η
WMAP
. We have examined the two-zone model, where the universe has the
high and low baryon density regions separately at the BBN epoch. We have calcu-
lated nucleosynthesis that covers 4463 nuclei in the high density region. Below we
summarize our results and give some prospects.
(1) There are significant differences of the evolution of the light elements between
the high and low density regions; In the high density region, nucleosynthesis
begins at higher temperature. 4He is more abundant than that in the low density
region.
(2) Both p- and r-elements are synthesized simultaneously in the high density
region with ηhigh ≃ 10−4. Total mass fractions of nuclides heavier than 7Li
amount to 10−7 for ηhigh = 10
−4 and 10−5 for ηhigh = 10
−3. The average mass
fractions in IBBN are comparable to the solar system abundances.
(3) Heavy elements beyond Fe surely affects the formation process of the first gener-
ation stars due to the change in the opacity. Therefore, it may be also necessary
for IBBN to be constrained from the star formation scenarios.
(4) The observed abundances of 7Li49 cannot be explained in terms of SBBN.
Although our IBBN model is also inconsistent with 7Li observations, the theo-
retical value of 7Li is lower than that of SBBN. Modifications of IBBN model
may conduce to the answer.
Third, we show a possible alternate theory of gravity, Brans-Dicke theory with
a variable Λ term. Even for a very large coupling constant ω, this theory can
explain the observed primordial abundances of the light elements. Therefore, it is
still worthwhile to continue to explore some non-standard cosmology.
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